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G2i _ #2 � +QKKmi�iBp2 `BM;X � +?�BM +QKTH2t Qp2` _ Bb �
b2[m2M+2 Q7 _@KQ/mH2 K�Tb

· · · → *M+1
∂M+1→ *M

∂M→ *M−1 → · · ·

bm+? i?�i ∂M ◦ ∂M+1 = 0 ∀MX q?2M _ Bb MQi bT2+B}2/- r2 K2�M
+?�BM +QKTH2t Q7 �#2HB�M ;`QmTb UBX2X _ = ZVX

aQK2iBK2b r2 Dmbi r`Bi2 i?2 K�T #v ∂ �M/ i?2 +?�BM +QKTH2t #v
(*•, ∂)X h?2M ∂M = ∂|*M �M/ ∂2 = 0X
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� +?�BM K�T 7 : *• → *′

• #2ir22M irQ +?�BM +QKTH2t2b Qp2` _ Bb �
b2[m2M+2 Q7 _@KQ/mH2 K�Tb 7M : *M → *′

M bm+? i?�i i?2 7QHHQrBM;
/B�;`�K Bb +QKKmi�iBp2

· · · !! *M+1

7M+1

""

∂M+1 !! *M
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""

∂M !! *M−1
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""

!! · · ·

· · · !! *′
M+1 ∂′

M+1

!! *′
M ∂′

M
!! *′

M−1
!! · · ·

h?Bb +�M #2 bBKTHv 2tT`2bb2/ �b

7 ◦ ∂ = ∂′ ◦ 7
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:Bp2M � +?�BM +QKTH2t (*•, ∂)- r2 /2}M2 Bib M@+v+H2b wM �M/
M@#QmM/�`B2b "M #v

wM = E2`(∂ : *M → *M−1), "M = AK(∂ : *M+1 → *M).

h?2 2[m�iBQM ∂2 = 0 BKTHB2b "M ⊂ wMX q2 /2}M2 i?2 M@i?
?QKQHQ;v ;`QmT #v

>M(*•, ∂) :=
wM
"M

=
F2`(∂M)

BK(∂M+1)
.

� +?�BM +QKTH2t *• Bb +�HH2/ �+v+HB+ Q` 2t�+i B7

>M(*•) = 0 7Q` �Mv M.
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h?2 M@i? ?QKQHQ;v ;`QmT /2}M2b � 7mM+iQ`

>M : *?• → �# .

S`QQ7X
q2 QMHv M22/ iQ +?2+F �Mv 7 : *• → *′

• BM/m+2b � ;`QmT
?QKQKQ`T?BbK

7∗ : >M(*•) → >M(*′
•).

h?Bb Bb #2+�mb2
! B7 α ∈ wM(*•)- i?2M 7(α) ∈ wM(*′

•)c
! B7 α ∈ "M(*•)- i?2M 7(α) ∈ "M(*′

•)X
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� +?�BM K�T 7 : *• → .• Bb +�HH2/ � [m�bB@BbQKQ`T?BbK B7

7∗ : >M(*•) → >M(.•)

Bb �M BbQKQ`T?BbK 7Q` �HH MX
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� +?�BM ?QKQiQTv 7 b≃ ; #2ir22M irQ +?�BM K�Tb 7, ; : *• → *′

• Bb
� b2[m2M+2 Q7 ?QKQKQ`T?BbKb bM : *M → *′

M+1 bm+? i?�i

7M − ;M = bM−1 ◦ ∂M + ∂′
M+1 ◦ bM,

Q` bBKTHv
7 − ; = b ◦ ∂ + ∂′ ◦ b .

hrQ +QKTH2t2b *•,*′
• �`2 +�HH2/ +?�BM ?QKQiQTv 2[mBp�H2Mi B7

i?2`2 2tBbib +?�BM K�Tb 7 : *• → *′
• �M/ ? : *′

• → *• bm+? i?�i

7 ◦ ; ≃ 1 �M/ ; ◦ 7 ≃ 1.
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*?�BM ?QKQiQTv /2}M2b �M 2[mBp�H2M+2 `2H�iBQM QM +?�BM K�Tb �M/
+QKT�iB#H2 rBi? +QKTQbBiBQMbX

AM Qi?2` rQ`/b- +?�BM ?QKQiQTv /2}M2b �M 2[mBp�H2M+2 `2H�iBQM QM
*?•X q2 /2}M2 i?2 [mQiB2Mi +�i2;Q`v

?*?• = *?• / ≃ .

*?�BM ?QKQiQTv 2[mBp�H2M+2 #2+QK2b �M BbQKQ`T?BbK BM ?*?•X
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G2i 7, ; #2 +?�BM ?QKQiQTB+ +?�BM K�TbX h?2M i?2v BM/m+2
B/2MiB+�H K�T QM ?QKQHQ;v ;`QmTb

>M(7) = >M(;) : >M(*•) → >M(*′
•).

AM Qi?2` rQ`/b- i?2 7mM+iQ` >M 7�+iQ` i?`Qm;?

>M : *?• → ?*?• → �# .

S`QQ7X
G2i 7 − ; = b ◦ ∂ + ∂′ ◦ bX G2i α ∈ *M `2T`2b2Mi � +H�bb [α] BM
>M(*•)X aBM+2 ∂α = 0- r2 ?�p2

(7 − ;)(α) = (b ◦ ∂ + ∂′ ◦ b)(α) = ∂′ ◦
(
b(α)

)
∈ "M(*′

•).

aQ [7(α)] = [;(α)]X >2M+2 >M(7) = >M(;) QM ?QKQHQ;B2bX



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

aBM;mH�` >QKQHQ;v



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
q2 /2}M2 i?2 bi�M/�`/ M@bBKTH2t

∆M = {(i0, · · · , iM) ∈ RM+1|
M∑

B=0

iB = 1, iB ≥ 0}

q2 H2i {p0, · · · , pM} /2MQi2 Bib p2`iB+2bX >2`2
pB = (0, · · · , 0, 1, 0, · · · , 0) r?2`2 1 bBib �i i?2 B@i? TQbBiBQMX
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p1
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x
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p1
,ࢶ ai�M/�`/ k@bBKTH2t ∆2 �M/ j@bBKTH2t ∆3
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G2i s #2 � iQTQHQ;B+�H bT�+2X � bBM;mH�` M@bBKTH2t BM s Bb �
+QMiBMmQmb K�T σ : ∆M → sX 6Q` 2�+? M ≥ 0- r2 /2}M2 aM(s) iQ
#2 i?2 7`22 �#2HB�M ;`QmT ;2M2`�i2/ #v �HH bBM;mH�` M@bBKTH2t2b BM s

aM(s) =
⊕

σ∈>QK(∆M,s)

Zσ.

�M 2H2K2Mi Q7 aM(s) Bb +�HH2/ � bBM;mH�` M@+?�BM BM sX
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� bBM;mH�` M@+?�BM Bb ;Bp2M #v � }MBi2 7Q`K�H bmK

γ =
∑

σ∈>QK(∆M,s)

Kσσ,

7Q` Kσ ∈ Z �M/ QMHv }MBi2Hv K�Mv KσǶb �`2 MQMx2`QX h?2 �#2HB�M
;`QmT bi`m+im`2 Bb,

−γ :=
∑

σ

(−Kσ)σ

�M/

(
∑

σ

Kσσ) + (
∑

σ

K′
σσ) =

∑

σ

(Kσ + K′
σ)σ.
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:Bp2M � bBM;mH�` M@bBKTH2t σ : ∆M → s �M/ 0 ≤ B ≤ M- r2 /2}M2

∂(B)σ : ∆M−1 → s

iQ #2 i?2 (M − 1)@bBKTH2t #v `2bi`B+iBM; σ iQ i?2 B@i? 7�+2 Q7 ∆M

r?Qb2 p2`iB+2b �`2 ;Bp2M #v {p0, p1, · · · , p̂B, · · · , pM}X
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,ࢶ 6�+2b Q7 k@bBKTH2t ∆2 �M/ j@bBKTH2t ∆3
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.2}MBiBQM
q2 /2}M2 i?2 #QmM/�`v K�T

∂ : aM(s) → aM−1(s)

iQ #2 i?2 �#2HB�M ;`QmT ?QKQKQ`T?BbK ;2M2`�i2/ #v

∂σ :=
M∑

B=0

(−1)B∂(B)σ .
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:Bp2M � bm#b2i {pB1 , · · · , pBF} Q7 i?2 p2`iB+2b Q7 ∆M- r2 rBHH r`Bi2

σ|[pB1 , · · · , pBF ] Q` Dmbi [pB1 , · · · , pBF ] Ur?2M Bi Bb +H2�` 7`QK i?2 +QMi2tiV

7Q` `2bi`B+iBM; σ iQ i?2 7�+2 Q7 ∆M bT�MM2/ #v {pB1 , · · · , pBF}X h?2M
i?2 #QmM/�`v K�T +�M #2 2tT`2bb2/ #v

∂[p0, · · · , pM] =
M∑

B=0

(−1)B[p0, p1, · · · , p̂B, · · · , pM].
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S`QTQbBiBQM
(a•(s), ∂) /2}M2b � +?�BM +QKTH2t- BX2X- ∂2 = ∂ ◦ ∂ = 0X

S`QQ7X

∂ ◦ ∂[p0, · · · , pM]

=∂
M∑

B=0

(−1)B[p0, p1, · · · , p̂B, · · · , pM]

=
∑

B<D
(−1)B(−1)D+1[p0, · · · , p̂B, · · · , p̂D, · · · , pM]

+
∑

D<B
(−1)B(−1)D[p0, · · · , p̂D, · · · , p̂B, · · · , pM]

= 0.
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1t�KTH2
*QMbB/2` � k@bBKTH2t σ : ∆2 → sX h?2M

∂σ = [p1, p2]− [p0, p2] + [p0, p1]

�M/

∂2σ = ([p2]− [p1])− ([p2]− [p0]) + ([p1]− [p0]) = 0.
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6Q` 2�+? M ≥ 0- r2 /2}M2 i?2 M@i? bBM;mH�` ?QKQHQ;v ;`QmT Q7 s #v

>M(s) := >M(a•(s), ∂) .
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G2i 7 : s → u #2 � +QMiBMmQmb K�T- r?B+? ;Bp2b � +?�BM K�T

a•(7) : a•(s) → a•(u).

h?Bb /2}M2b i?2 7mM+iQ` Q7 bBM;mH�` +?�BM +QKTH2t

a• : hQT → *?• .

aBM;mH�` ?QKQHQ;v ;`QmT +�M #2 pB2r2/ �b i?2 +QKTQbBiBQM

hQT a•→ *?•
>M→ �# .
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S`QTQbBiBQM
G2i 7, ; : s → u #2 ?QKQiQTB+ K�TbX h?2M

a•(7), a•(;) : a•(s) → a•(u)

�`2 +?�BM ?QKQiQTB+X AM T�`iB+mH�`- i?2v BM/m+2 B/2MiB+�H K�T

>M(7) = >M(;) : >M(s) → >M(u).

S`QQ7, q2 QMHv M22/ iQ T`Qp2 i?�i 7Q` B0, B1 : s → s × A-

a•(B0), a•(B1) : a•(s) → a•(s × A)

�`2 +?�BM ?QKQiQTB+X h?2M i?2B` +QKTQbBiBQM rBi? i?2 ?QKQiQTv
s × A → u ;Bp2b i?2 T`QTQbBiBQMX
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G2i mb /2}M2 � ?QKQiQTv

b : aM(s) → aM+1(s × A).

6Q` σ : ∆M → s- r2 /2}M2 UiQTQHQ;B+�HHvV

b(σ) : ∆M × A σ×1→ s × A.

>2`2 r2 i`2�i ∆M × A �b � +QHH2+iBQM Q7 (M + 1)@bBKTH2t2b �b
7QHHQrbX G2i {p0, · · · , pM} /2MQi2 i?2 p2`iB+2b Q7 ∆MX h?2 p2`iB+2b
Q7 ∆M × A +QMi�BM irQ +QTB2b {p0, · · · , pM} �M/ {r0, · · · ,rM}X
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h?2M

∆M × A =
M∑

B=0

(−1)B[p0, p1, · · · pB,rB,rB+1, · · · ,rM]

+mib ∆M × A BMiQ (M + 1)@bBKTH2t2bX

p0 p1

p2

r0 r1

r2

=

p0 p1

p2

r0 r1

r2

−

p0 p1

p2

r0 r1

r2

+

p0 p1

p2

r0 r1

r2

,ࢶ .2+QKTQbBiBQM Q7 ∆M × A 7Q` M = 2
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

Aib bmK /2}M2b
b(σ) ∈ aM+1(s × A).

h?2 7QHHQrBM; BMimBiBp2 7Q`KmH� ?QH/b

∂(∆M × A) = ∆× ∂A − (∂∆M)× A

�b bBM;mH�` +?�BMbX h?Bb H2�/b iQ i?2 +?�BM ?QKQiQTv

a•(B1)− a•(B0) = ∂ ◦ b + b ◦ ∂.



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K
aBM;mH�` ?QKQHQ;B2b �`2 ?QKQiQTv BMp�`B�MibX h?2v 7�+iQ` i?`Qm;?

>M : ?hQT → ?*?• → �# .
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K U.BK2MbBQM �tBQKV
A7 s Bb � QM2@TQBMi bT�+2- i?2M

>M(s) =
{
0 M > 0

Z M = 0

S`QQ7, 6Q` 2�+? M ≥ 0- i?2`2 Bb QMHv QM2 σM : ∆M → sX
aM(s) = Z ⟨σM⟩ .

h?2 #QmM/�`v QT2`�iQ` Bb

∂ ⟨σM⟩ =
M∑

B=0

(−1)B ⟨σM−1⟩ =
{
0 M = Q//
σM−1 M = 2p2M.

h?2 bBM;mH�` +?�BM +QKTH2t Q7 s #2+QK2b

· · ·Z 1→ Z 0→ Z 1→ Z → Z → 0

r?B+? BKTHB2b i?2 i?2Q`2KX
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aQK2 >QKQHQ;B+�H �H;2#`�
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 7QHHQrBM; H2KK� Bb p2`v mb27mH BM /2�HBM; rBi? +?�BM +QKTH2t2bX

G2KK� U6Bp2 G2KK�V
*QMbB/2` i?2 +QKKmi�iBp2 /B�;`�K Q7 �#2HB�M ;`QmTb rBi? 2t�+i
`Qrb

�1
!!

71
""

�2

72
""

!! �3
!!

73
""

�4
!!

74
""

�5

75
""

"1
!! "2

!! "3
!! "4

!! "5

h?2M
RX A7 72, 74 �`2 bm`D2+iBp2 �M/ 75 Bb BMD2+iBp2- i?2M 73 Bb bm`D2+iBp2X
kX A7 72, 74 �`2 BMD2+iBp2 �M/ 71 Bb bm`D2+iBp2- i?2M 73 Bb BMD2+iBp2X
jX A7 71, 72, 74, 75 �`2 BbQKQ`T?BbKb- i?2M 73 Bb �M BbQKQ`T?BbKX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i 7 : (*•, ∂) → (*′

•, ∂
′) #2 � +?�BM K�TX h?2 K�TTBM; +QM2 Q7 7

Bb i?2 +?�BM +QKTH2t

+QM2(7)M = *M−1 ⊕ *′
M

rBi? i?2 /Bz2`2MiB�H

/ : +QM2(7)M → +QM2(7)M−1,

/(+M−1, +′M) = (−∂(+M−1), ∂
′(+′M)− 7(+M−1)).



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i 7 : (*•, ∂) → (*′

•, ∂
′) #2 � +?�BM K�TX

RX h?2`2 Bb �M 2t�+i b2[m2M+2

0 → *′
• → +QM2(7)• → *[−1]• → 0

>2`2 *[−1]• Bb i?2 +?�BM +QKTH2t rBi? *[−1]M := *M−1 �M/
/Bz2`2MiB�H −∂ r?2`2 ∂ Bb i?2 /Bz2`2MiB�H BM *X

kX 7 Bb � [m�bB@BbQKQ`T?BbK B7 �M/ QMHv B7 +QM2(7)• Bb �+v+HB+X
jX G2i D : *′

• ↪→ +QM2(7)• #2 i?2 2K#2//BM; �#Qp2X h?2M +QM2(D)•
Bb +?�BM ?QKQiQTB+ 2[mBp�H2Mi iQ *[−1]•X
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AM ?QKQHQ;B+�H �H;2#`�- � +?�BM K�T 7 H2�/b iQ � i`B�M;H2

*•
7 !! *′

•

D##✇✇
✇✇
✇✇
✇✇
✇

+QM2(7)•

$$●
●
●
●
●

>2`2 i?2 /Qii2/ �``Qr Bb � +?�BM K�T

+QM2(7)• → *[−1]•.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?Bb Bb +HQb2Hv `2H�i2/ iQ i?2 +Q}#2` 2t�+i b2[m2M+2X +QM2(7)• Bb i?2
�M�HQ;m2 Q7 ?QKQiQTv +Q}#2` Q7 7X *•[−1] Bb i?2 �M�HQ;m2 Q7 i?2
bmbT2MbBQMX h?2M i?2 �#Qp2 i`B�M;H2 bi`m+im`2 +�M #2 pB2r2/ �b

*•
7→ *′

• → +QM2(7)• → *•[−1]
7[−1]→ *′

• → · · ·


