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Lecture 14: Singular Homology
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Chain complex

DA



Algebraic Topology 2020 Spring@ SL

Let R be a commutative ring. A chain complex over R is a
sequence of R-module maps

s Gt 8 G B oy

such that 9,0 9,+1 = 0 ¥n. When R is not specified, we mean
chain complex of abelian groups (i.e. R= 7).

Sometimes we just write the map by 9 and the chain complex by
(Ce,0). Then 9, = |, and 9% = 0.

u}
)
I
il
it




Algebraic Topology 2020 Spring@ SL

Definition

diagram is commutative

A chain map f: C, — C, between two chain complexes over R is a
sequence of R-module maps f, : C, — C, such that the following

On+1
—_— n+1 e

On
Cn_> n—1——>"""

fn+1l fnl fn—ll
—— g Gy Cpy —=
n+1 n

This can be simply expressed as
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We define the category Che(R) whose objects are chain complexes

over R and morphisms are chain maps. We simply write Ch, when
R=7Z.
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Definition
Given a chain complex (G, 0), we define its n-cycles Z, and
n-boundaries B, by

Zy,=Ker(0:C,— Ch_1), Bp=Im(9: Coy1 — Cp).

The equation 9% = 0 implies B, C Z,. We define the n-th
homology group by

_ Zn _ ker(0n)
T Bn im(3n+1) I

Hp(Co, )

A chain complex G, is called acyclic or exact if

Hn(Co) =0 for any n.
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Proposition

The n-th homology group defines a functor

H,:Ch, — Ab.

Proof.

We only need to check any f: C, — C, induces a group
homomorphism

This is because

fo: Ha(GCo) = Ha(C,)
> if a € Z,(C,), then fla) € Z,(C,);
» if a € B,(G,), then fla) € B,(C,).
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A chain map f: C — D, is called a quasi-isomorphism if

fi : Ho(Co) — Hn(D,)
is an isomorphism for all n.
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Definition

A chain homotopy = g between two chain maps f,g: C, — C, is
a sequence of homomorphisms s, : C, — C;1+1 such that

fo—8n=5-100,+ 6;-,.1_1 O Sn,
or simply

f-g=s500+dos

Two complexes G, C, are called chain homotopy equivalent if
there exists chain maps f: C, — C, and h: C, — C, such that
fog~1 and gof~1.
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Chain homotopy defines an equivalence relation on chain maps and
compatible with compositions.

In other words, chain homotopy defines an equivalence relation on
Ch,. We define the quotient category

hCh, = Ch, / =~ .

Chain homotopy equivalence becomes an isomorphism in hCh,.
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Sk 2
Proposition

Let f, g be chain homotopic chain maps. Then they induce
identical map on homology groups

Hn(f) = Hp(g) : Ha(GCo) — Hn(C,).
In other words, the functor H, factor through
H,: Ch, - hCh, - Ab.
Proof.

Let f-g=s00+ 0 os. Let a € G, represent a class [a] in
H,(C,). Since da = 0, we have

(f—g)(a) = (s0 0+ 0 os)(a) =0 o (s(a)) € Ba(CL).
So [f(a)] = [g(e)]. Hence H,(f) = Hp(g) on homologies.

O

=] 5




Algebraic Topology 2020 Spring@ SL

Singular Homology
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Definition

We define the standard n-simplex

A" ={(tg,+ ,ta) ER™ D t;=1,8 > 0}
i=0

We let {vy,- -, v,} denote its vertices. Here

vi=(0,---,0,1,0,---,0) where 1 sits at the i-th position.

V4
A

Vo %)

V3
-> X

IS ‘/1
y Vi

[&]: Standard 2-simplex A2 and 3-simplex A?
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Let X be a topological space. A singular n-simplex in Xis a
continuous map o : A" — X. For each n > 0, we define 5,(X) to
be the free abelian group generated by all singular n-simplexes in X

SsX)= P Zo

oc€Hom(A",X)

An element of S,(X) is called a singular n-chain in X.

u}
)
I
il
it




Algebraic Topology 2020 Spring@ SL

A singular n-chain is given by a finite formal sum

Y= Z myao,
oc€Hom(A" X)
for my € Z and only finitely many m,'s are nonzero. The abelian

group structure is:
7= Z(_ma)a

o

and

(Z myo) + (Z mo) = Z(mg +m))o.
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Given a singular n-simplex o : A" — X and 0 < i< n, we define
g AP 5 X

to be the (n — 1)-simplex by restricting o to the i-th face of A"

whose vertices are given by {vo, vy, -+, Vi, -+, vp}.
z
A V2
V2
0(1>A2
V3
> X
Vo Vo
s Vl
y Vi

[&]: Faces of 2-simplex A2 and 3-simplex A3



Algebraic Topology 2020 Spring@ SL

We define the boundary map

81 Sp(X) = Sp1(X)

n

to be the abelian group homomorphism generated by

0o = Z(—l)iﬁ(i)a i

i=0
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Given a subset {v;,-- -, vj } of the vertices of A", we will write
ollviy, -+ ,vi] orjust [vi,---,v] (when it is clear from the context)
for restricting o to the face of A" spanned by {vj,---, v }. Then

the boundary map can be expressed by

n

8[‘/07"' 7Vn] - Z(—l)i[VO,Vl,"‘ 7AVI'7'” 7Vn]~

i=0
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Proposition

(Se(X), 0) defines a chain complex, i.e., 9> = d o0 = 0.

Proof.

900y, -, i

n
=0 Z(_l)i[‘/07 Vi, ‘A/ia Tty Vn]
=0
= (_1)i(_1)j—|—1[vo’... Vi ,AVj"“ ,Vn]
i<j
+ Z(_l)l(_l)J[V07 Tty ‘A/jv Tty ‘A/iv Ty Vn]
Jj<i

it D
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Consider a 2-simplex o : A2 — X. Then

and

0o = [Vl, VQ] — [Vo, V2] —+ [Vo, Vl]

0% = ([vo] = [vi]) = ([vo] = [wo]) + ([v1] = [wo]) = 0
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For each n > 0, we define the n-th singular homology group of X by

Hn(X) := Hn(Se(X), 9)
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Let f: X — Y be a continuous map, which gives a chain map
Se(f): Su(X) = Su(V).
This defines the functor of singular chain complex
Se : Top — Ch,.
Singular homology group can be viewed as the composition

Top 2 Ch, &8 Ab.
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Proposition
Let f,g: X — Y be homotopic maps. Then
Se(1), Se(8) = Se(X) = Su(Y)
are chain homotopic. In particular, they induce identical map
Hn(f) = Hn(g) : Hn(X) — Hn(Y).

Proof: We only need to prove that for iy, i, : X — X x |,

Se(io), Se(i1) = Se(X) = Se(X x 1)

are chain homotopic. Then their composition with the homotopy
X x | — Y gives the proposition.
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Let us define a homotopy
5:5,(X) = Spp1(X x 1),
For o : A" — X, we define (topologically)
s(o) : A" x 175 X x 1.

Here we treat A" x | as a collection of (n -+ 1)-simplexes as
follows. Let {v,- -, vy} denote the vertices of A". The vertices
of A" x [ contain two copies {vp, -, vn} and {wp, -, wp}.
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Then

n

i=0

cuts A" x [into (n+ 1)-simplexes.

]

Vo

Wo wo

wy Wo A W Wo

[&: Decomposition of A" x | for n,.= 2

IS

An X I: Z(_l)i[v()7 Vi, Vi, Wi, Wf—i—l) T Wn]

Vi
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Its sum defines
S(O’) € 5n+1(X>< I)

The following intuitive formula holds
I(A" x ) = A x 9l— (0A™) x |
as singular chains. This leads to the chain homotopy

5.(i1) — 5.(1'0) =dos+so0.
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Singular homologies are homotopy invariants. They factor through

H,: hTop — hCh, — Ab.
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Theorem (Dimension Axiom)

If X is a one-point space, then

0 n>0
H =
(%) {ano
Proof: For each n > 0, there is only one 0, : A" = X

Sp(X) =Z (o).
The boundary operator is

d(on) = Z(—l)"<an,1> =

0

n = odd
i=0 In-1
The singular chain complex of X becomes

n = even.

z3z2z%z2%72 57250
which implies the theorem.
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Some Homological algebra
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~~~~~~

The following lemma is very useful in dealing with chain complexes:

Lemma (Five Lemma)

Consider the commutative diagram of abelian groups with exact

rows
Ay Ay A3 Ay As
N
By B> Bs By Bs
Then

1. If f5, fy are surjective and f5 is injective, then f3 is surjective.
2. If f, f; are injective and f; is surjective, then f3 is injective.

3. If f1, £, fy, f5 are isomorphisms, then f3 is an isomorphism.
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Let f: (Cs,0) — (C,,0") be a chain map. The mapping cone of f
is the chain complex

cone(f), = Cho1 @ C,
with the differential

d: cone(f), — cone(f)p—1,
d(Cn_l, C/

n

) = (=0(cn-1),9'(c;) — flcn-1)).
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Let f: (Co,0) — (C,,0") be a chain map.
1. There is an exact sequence

0 — C, — cone(f)e — C[—1]e — 0
Here C[—1], is the chain complex with C[—1], := C,_; and
differential —0 where 0 is the differential in C.
2. fis a quasi-isomorphism if and only if cone(f)s is acyclic.

3. Let j: C, < cone(f)s be the embedding above. Then cone()).
is chain homotopic equivalent to C[—1],.
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In homological algebra, a chain map fleads to a triangle

cone(f)e
Here the dotted arrow is a chain map

cone(f)e — C[—1]e.
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This is closely related to the cofiber exact sequence. cone(f), is the
analogue of homotopy cofiber of f. C4[—1] is the analogue of the
suspension. Then the above triangle structure can be viewed as

Co A C, — cone(f)e — Co[—1] ﬂ;ﬂ c, —---



